Connecting Infrastructure

|
\mne |
\

Benchmark Example No. 26

Response of a SDOF System to Harmonic Exci-

tation

SOFiISTIK | 2026



VERIFiCATiON
BE26 Response of a SDOF System to Harmonic Excitation

VERIFiICATIiON Manual, Service Pack 2026-2 Build 16

Copyright © 2025 by SOFiSTiK AG, Nuremberg, Germany.

SOFiSTiK AG
HQ Nuremberg Office Garching
FlataustraBe 14 Parkring 2
90411 Nurnberg 85748 Garching bei Miinchen
Germany Germany
T +49 (0)911 39901-0 T +49 (0)89 315878-0
F +49(0)911 397904 F +49 (0)89 315878-23
info@sofistik.com

www.sofistik.com

This manual is protected by copyright laws. No part of it may be translated, copied or reproduced, in any form or by
any means, without written permission from SOFiSTiK AG. SOFiSTiK reserves the right to modify or to release
new editions of this manual.

The manual and the program have been thoroughly checked for errors. However, SOFiSTiK does not claim that
either one is completely error free. Errors and omissions are corrected as soon as they are detected.

The user of the program is solely responsible for the applications. We strongly encourage the user to test the
correctness of all calculations at least by random sampling.

Front Cover

© Autobahn GmbH des Bundes | Photo: Christoph Seelbach



20,
=2% : :
Response of a SDOF System to Harmonic Excitation ‘:“ S O Fi S TiK

Overview

Element Type(s): SPRI, DAMP

Analysis Type(s): DYN

Procedure(s): TSTP

Topic(s):

Module(s): FEABENCH, DYNA

Input file(s): harmonic_damped.dat, harmonic_undamped.dat
1 Problem Description

This problem consists of an elastic SDOF system undergoing forced vibration, as shown in Fig. 1. The
response of an undamped and damped system is determined and compared to the reference solution.

Figure 1: Problem Description

2 Reference Solution

A harmonic force is p(t) = po Sin wpt, where p, is the amplitude value of the force and its frequency
wp is called the exciting frequency. The differential equation governing the forced harmonic vibration of
a damped system is given by [1] [2]:

mi+ cu+ku=posinwpt (1)

m i+ k u=posinwpt 2)

For undamped systems it simplifies to Eq. 2. Subjected also to initial conditions, u(0) and u(0), the
total solution to Eq. 2 is:

u(0) po  wp/wn } . Po 1 .
u()=u(0)coswnt+ - — Sinwpt+ — ——  =sin wpt 3
® © ! [ Wn k ]-—((Up/&)n)2 ! k 1—(wp/wn)2 P ©
transient steadystate

Eqg. 3 shows, that u(t) contains two distinct vibration components, first the term sin wpt gives a vibration
at the exciting frequency and second the terms sin wnt and cos wnpt give a vibration at the natural
frequency of the system. The first term is the steady state vibration, corresponding to the applied force
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and the latter is the transient vibration, depending on the initial conditions. It exists even if the initial
conditions vanish, in which case it becomes

u(t)—&;[sinw t—&sinw t] (4)
Tk 1— (wp/wn)? P

At resonance, i.e. when the forcing and natural frequencies are the same wp/wp = 1, the preceeding
equation is invalid as the ansatz function C sin(wt) is part of the complementary (transient) as well as
particular solution (steadystate). The solution in the case of wp = wp and at-rest initial conditions reads:

u(t)=—%(wntcoswn—sinwnt) (5)

The steady state response amplitude tends towards infinity as we approach unity and the peak values
build up linearly in accordance to ustwnpt/2. The static deformation ust = po/k, corresponds to the
displacement which would be produced by the load p, if applied statically, and serves as a measure of
amplitude.

When damping is introduced to the system, the total solution is given by

u(t) = e 59t A coswpt+ Bsinwpt] + Csin wpt+ D cos wpt (6)

transient steadystate

The coefficients C and D are determined from the particular solution of the differential equation of motion
(Eqg. 1), whereas A and B are determined in terms of the initial conditions. For the special case of zero
initial conditions, the coefficients are given by

_Po 1— (wp/wn)?
"~k [1— (wp/wn)?]? + [ 28 (wp/wn)]?

_Po —2& (wp/wn)
"~k [1—(wp/wn)?]2 + [2E (wp/wn)]?

B=A5_C(wp/wn)

e

(10)

At resonance, the damped solution 6 may still be used. The amplitudes build up in accordance to
(ust/2E)(e~5@nt — 1) and towards a steady state level.
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Figure 2: Response to Resonant Loading for at-rest initial conditions

3 Model and Results

The properties of the model are defined in Table 1. The system is excited by a harmonic sinusoidal force
and undergoes a forced vibration with zero initial conditions. The dynamic analyses are performed using
two modules, FEABENCH and DYNA, using Newmark time integration scheme. Four cases in total are
studies for a SDOF system: damped and undamped vibrations for two frequency ratios, one at wp/wn
= 2 and one at resonance wp/wnp = 1 . Their responses are compared to the exact solutions presented
in Section 2. Figures 3 to 6 depict the results, along with the envelops for the resonant cases.

Table 1: Model Properties

Model Properties Excitation Properties
m=1t u(0)=0

k = 4m? kN/m u(0)=o0

T=1sec po =10kN
E=2% Wp =2 wn
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Figure 3: Response to harmonic loading for at-rest initial conditions and ratio wp/wn = 2; § = 0%
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Figure 4: Response to harmonic loading for at-rest initial conditions and ratio wp/wn = 2; § =
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Figure 5: Response to harmonic loading for at-rest initial conditions and ratio wp/wn = 1; & = 0%
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Figure 6: Response to harmonic loading for at-rest initial conditions and ratio wp/wn =1;&§ = 2%
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4 Conclusion

The purpose of this example is to test the calculation of the response of a dynamic system in terms of a
harmonic loading function. It has been shown that the behaviour of the system is captured adequately.
The results verify the implementation of the dynamic solvers for two modules, FEABENCH and DYNA.
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